In analogy to the case of cubic fourfolds, we discuss the conditions under which the double cover Y A of the EPW sextic hypersurface associated to a Gushel-Mukai fourfold is birationally equivalent to a moduli space of (twisted) stable sheaves on a K3 surface. In particular, we prove thatỸ A is birational to the Hilbert scheme of points of length two on a K3 surface if and only if the GushelMukai fourfold is Hodge-special with discriminant d such that the negative Pell equation P d{2 p´1q is solvable in Z.
Introduction
The geometry of Gushel-Mukai (GM) varieties has been recently studied by Debarre and Kuznetsov in [11] , [12] , and from a categorical point of view by Kuznetsov and Perry in [20] . Of particular interest is the case of GM fourfolds, which are smooth dimensionally transverse intersections of the cone over the Grassmannian Grp2, 5q with a quadric hypersurface in a eight-dimensional linear space over C. Indeed, these Fano fourfolds have a lot of similarities with cubic fourfolds; for instance, it is unknown if the very general GM fourfold is irrational, even if there are rational examples (see [30] , [29] and [10] , Section 7).
In [10] Debarre, Iliev and Manivel investigated the period map and the period domain of GM fourfolds, in analogy to the work done by Hassett for cubic fourfolds. In particular, they proved that period points of Hodge-special GM fourfolds (see Definition 2.3) form a countable union of irreducible divisors in the period domain, parametrized by the discriminant of the possible labellings (see Section 2.3). Furthermore, the non-special cohomology of a Hodge-special GM fourfold X is Hodge isometric (up to a Tate twist) to the degree two primitive cohomology of a polarized K3 surface if and only if the discriminant d of X satisfies the following numerical condition:
8 ∤ d and the only odd primes which divide d are " 1pmod 4q.
(˚˚)
The first result of this paper is a generalization of the previous property to the twisted case, as done by Huybrechts for cubic fourfolds in [17] . i with n i " 0pmod 2q for p i " 3pmod 4q.
On the other hand, a general GM fourfold X has an associated hyperkähler variety, as cubic fourfolds have their Fano variety of lines. Indeed, X determines a triple pV 6 , V 5 , Aq of Lagrangian data, where V 6 Ą V 5 are six and five dimensional vector spaces, respectively, and A Ă Ź 3 V 6 is a Lagrangian subspace with respect to the symplectic structure induced by the wedge product, with no decomposable vectors (see [11] , Theorem 3.16). Conversely, it is possible to reconstruct an ordinary and a special GM variety from a Lagrangian data having A without decomposable vectors (see [11] , Theorem 3.10 and Proposition 3.13). The data of A determines a stratification in subschemes of the form Y is empty, then the double coverỸ A of the EPW sextic is a hyperkähler fourfold deformation equivalent to the Hilbert scheme of points of length two on a K3 surface.
The second main result is the following theorem, whose analogue for cubic fourfolds was proven by Addington in [2] . Theorem 1.2. Let X be a Hodge-special GM fourfold such that Y ě3 A " H. Assume that either H 2,2 pX, Zq has rank 3, or H 2,2 pX, Zq has rank greater than 3 and X has a labelling with discriminant " 2 or 4pmod 8q. Then the following propositions are equivalent:
1. X has discriminant d satisfying p˚˚q.
2. T X is Hodge isometric to T S p´1q for some K3 surface S.
3.Ỹ A is birational to a moduli space of stable sheaves on S.
Moreover, if X has discriminant d satisfying p˚˚q, thenỸ A is birational to a moduli space of stable sheaves on a K3 surface S.
In Section 3.3 we discuss a counterexample showing that the inverse implication of the second part of Theorem 1.2 does not hold in full generality. In particular, we deduce that this property is not always divisorial and that there are period points of K3 type corresponding to GM fourfolds without a Hodge-associated K3 surface.
We also prove its natural extension to the twisted case, as in [17] for cubic fourfolds. Finally, we determine the numerical condition on the discriminant d of a Hodge-special GM fourfold in order to haveỸ A birational to the Hilbert scheme S r2s on a K3 surface S; this condition is stricter than that of p˚˚q, as proved in [2] for cubic fourfolds (see Remark 4.6). 
The strategy to prove these results relies on the definition of the Mukai lattice for the GM category, which is a non commutative K3 surface arising from the semiorthogonal decomposition of the derived category of a GM variety constructed in [20] (see Section 2.4). The Mukai lattice is defined as done in [1] by Addington and Thomas for cubic fourfolds; actually, we can prove the analogue of their results, using the vanishing lattice of a GM fourfold instead of the primitive degree four lattice of cubic fourfolds. In particular, following the work of Addington, this allows us to apply Propositions 4 and 5 of [2] and, then, to prove Theorems 1.2 and 1.4. On the other hand, we obtain that if a general GM fourfold has a homological associated K3 surface, then there is a Hodge-theoretic associated K3 surface (see Theorem 3.10 for a more precise statement).
Related works. In [18] , Proposition 2.1, the authors proved that if a smooth double EPW sextic is birational to the Hilbert scheme S r2s on a K3 surface S with polarization of the degree d, then the negative Pell equation P d{2 p´1q is solvable. Thus Theorem 1.4 is consistent with this necessary condition (see also Remark 4.7).
Finally, in [13] , Section 5.6, the authors prove that the Hilbert square of a general polarized K3 surface of degree d is isomorphic to a double EPW sextic if and only if the Pell equation P d{2 p´1q is solvable and the equation P 2d p5q is not. By Theorem 1.4, we see that the birationality to this Hilbert scheme is obtained by relaxing the second condition on P 2d p5q.
Plan of the paper. In Section 2 we recall some preliminary facts about Hodge-special GM fourfolds and the GM category. In Section 3.1 we define the Mukai lattice and we reinterprete the definition of Hodge-special GM fourfolds with a certain discriminant via their Mukai lattice. In Section 3.2 we characterize the condition of having a Hodge-associated K3 surface by the existence of a primitively embedded hyperbolic lattice in the algebraic part of the Mukai lattice, for general Hodge-special GM fourfolds and for non general GM fourfolds with period point satisfying a precise condition. Then, we prove Theorem 1.1. In Section 3.3 we discuss the construction of GM fourfolds which do not realize the equivalence of Theorem 1.2. Section 4.1 is devoted to the proofs of Theorem 1.2 and Theorem 1.3. In Section 4.2 we prove Theorem 1.4.
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Background on Gushel-Mukai fourfolds
The aim of this section is to recall some definitions and property concerning Hodge-special GM fourfolds and to fix the notations. Our main references are [10] , [11] [12] and [20] .
Geometry of GM fourfolds
Let V 5 be a complex vector space of dimension 5; we denote by Grp2, V 5 q the Grassmannian of 2-dimensional subspaces of V 5 , viewed in Pp
be the cone over Grp2, V 5 q of vertex ν :" PpCq.
Definition 2.1. A GM fourfold is a smooth dimensionally transverse intersection
where W is a vector subspace of dimension 9 of C ' Ź 2 V 5 and Q is a quadric hypersurface in PpW q -P 8 .
Notice that ν does not belong to X, because X is smooth. Thus, the linear projection from ν defines a regular map γ X : X Ñ Grp2, V 5 q called the Gushel map. We denote by U X the pullback via γ X of the tautological rank-2 subbundle of Grp2, V 5 q. We can distinguish two cases:
• If the linear space PpW q does not contain ν, then X is isomorphic to a quadric section of the linear section of the Grassmannian Grp2, V 5 q given by the projection of PpW q to Pp Ź 2 V 5 q. GM fourfolds of this form are ordinary.
• If ν is in PpW q, the linear space PpW q is a cone over PpW { Cq -P 7 Ă Pp Ź 2 V 5 q. Then, X is a double cover of the linear section PpW { Cq X Grp2, V 5 q, branched along its intersection with a quadric. In this case, we say that X is special.
We denote by σ i,j P H 2pi`jq pGrp2, V 5 q, Zq the Schubert cycles on Grp2, V 5 q for every 3 ě i ě j ě 0 and we set σ i :" σ i,0 . The restriction h :" γX σ 1 of the hyperplane class on PpC ' Ź 2 V 5 q defines a natural polarization of degree 10 on X. An easy computation using adjunction formula shows that X is a Fano fourfold with canonical class´2h.
The moduli stack M 4 of GM fourfolds is a Deligne-Mumford stack of finite type over C, of dimension 24 (see [20] , Proposition 2.4).
Period map and period points
We recall the Hodge numbers of X:
(see [18] , Lemma 4.1). Notice that H ‚ pX, Zq is torsion free by [12] 
Here U is the hyperbolic plane pZ 2 ,ˆ0 1 1 0˙q
, E 8 is the unique even unimodular lattice of signature p8, 0q and I r,s :" I r 1 ' I 1 p´1q s , where I 1 is the lattice Z with bilinear form p1q (given a lattice L and a non-zero integer m, we denote by Lpmq the lattice L with the intersection form multiplied by m).
The choice of an isometry φ : H 4 pX, Zq -I 22,2 sending γXσ 1,1 and γXpσ 2´σ1,1 q to classes e and f of square 2 in I 22,2 and such that φpH 4 pX, Zq 00 q " Λ, determines a marking for X. Notice that the Hodge structure on the vanishing lattice is of K3 type. Let ÕpΛq be the subgroup of automorphisms of OpΛq acting trivially on the discriminant group dpΛq. The groups ÕpΛq and OpΛq act properly and discontinuosly on the complex variety Ω :" tw P PpΛ b Cq : w¨w " 0, w¨w ă 0u.
(
The global period domain is the quotient D :" ÕpΛqzΩ, which is an irreducible quasi-projective variety of dimension 20. We observe that two markings differ by the action of an element in ÕpΛq. It follows that the period map p : M 4 Ñ D, which sends X to the class of the one dimensional subspace H 3,1 pXq, is well-defined. As a map of stacks, p is dominant with 4-dimensional smooth fibers (see [10] , Theorem 4.4). The period point of X is the image ppXq in D.
As proved in [12] , the period point of a general GM fourfold is determined by that of its associated double EPW sextic. More precisely, let pV 6 , V 5 , Aq be the Lagrangian data of X, as defined in the introduction. By the work of O'Grady, we can consider the closed subschemes Y ěl A :" trU 1 s P PpV 6 q : dimpA X pU 1^ľ 2 V 6ě lu for l ě 0. Let X be a Hodge-special GM fourfold with a labeling K of discriminant d. The orthogonal K K of K in I 22,2 is the non-special lattice of X; it is equipped with a Hodge structure induced by the Hodge structure on H 4 pX, Zq. A pseudo-polarized K3 surface S of degree d is Hodge-associated to pX, Kq if it exists an isometry of Hodge structures between the non-special cohomology K K and the primitive cohomology lattice H 2 pS, Zq 0 which reverses the sign. As already explained in the introduction, this is equivalent to have d satisfying p˚˚q. Moreover, if ppXq is not in D 8 , then the pseudo-polarization is a polarization (see [10] , Proposition 6.5).
GM category and K-theory
The analogy of GM fourfolds with cubic fourfold reflects also on their derived categories. Indeed, we denote by D b pXq the derived category of bounded complexes of coherent sheaves on a GM fourfold X. By [20] , Proposition 4.2, there exists a semiorthogonal decomposition of the form
where A X is the right orthogonal to the subcategory generated by the exceptional objects
in D b pXq. We say that A X is the GM category associated to X. The GM category has the same Serre functor and the same Hochschild homology of the derived category of a K3 surface (see [20] , Proposition 4.5 and Lemma 5.3). In particular, the GM category can be viewed as a non commutative K3 surface. Moreover, if X is an ordinary GM fourfold containing a quintic del Pezzo surface, then there exists a K3 surface S realizing the equivalence A X " Ý Ñ D b pSq (see [20] , Theorem 1.2). We denote by K 0 pA X q the Grothendieck group of A X and let χ be the Euler pairing. The numerical Grothendieck group of A X is given by the quotient K 0 pA X q num :" K 0 pA X q{ ker χ. By the additivity with respect to semiorthogonal decompositions, we have the orthogonal direct sum
with respect to χ. In particular, since the Hodge conjecture holds for X over Q (see [8] ), it follows that
We recall the following lemma, which will be useful to study the relation between the Mukai lattice of A X and the vanishing cohomology of X.
Lemma 2.4 ([20]
, Lemma 5.14 and Lemma 5.16). If X is a non Hodge-special GM fourfold, then K 0 pA X q num -Z 2 and it admits a basis such that the Euler form with respect to this basis is given bŷ´2
We end this section with the explicit computation of the basis of Lemma 2.4. The Todd class of a GM fourfold X is
Let P be a point in X, L be a line lying on X, Σ be the zero locus of a regular section of UX, S be the complete intersection of two hyperplanes in X and H be a hyperplane section of X. Since X is not Hodge-special, the structure sheaves of these subvarieties give a basis for the numerical Grothendieck group. Thus, an element κ in K 0 pXq num can be written as
for a, b, c, d, e, f P Z. A computation using Riemann-Roch gives that κ belongs to K 0 pA X q if and only if it is a linear combination of the following classes:
It is easy to verify that the matrix they define with respect to the Euler form is as in Lemma 2.4.
Mukai lattice for the GM category
In this section we describe the Mukai lattice of the GM category. The main results of Section 3.1 are Proposition 3.1, where we prove that the vanishing lattice is Hodge isometric to the orthogonal of the lattice generated by λ 1 and λ 2 in the Mukai lattice, and Corollary 3.5, where we determine Hodge-special GM fourfolds by their Mukai lattice. In Section 3.2 we relate the condition of having an associated K3 surface with the Mukai lattice (Theorem 3.7); as a consequence, we get Theorem 3.10, where we prove that the existence of a homological associated K3 surface implies that there is a Hodge-theoretic associated K3 surface for general Hodge-special GM fourfolds. Then we prove Theorem 1.1. We follow the methods introduced in [1] and [17] for cubic fourfolds.
Mukai lattice and vanishing lattice
Let X be a GM fourfold. We denote by KpXq top the topological K-theory of X which is endowed with the Euler pairing χ. As recalled in Section 2.2, the group H ‚ pX, Zq is torsion-free; by [1] , Theorem 2.1, item 1, it follows that also KpXq top is torsion-free. Inspired by [1] , we define the Mukai lattice of the GM category A X as the abelian group KpA X q top :" tκ P KpXq top : χprO X piqs, κq " χprUXpiqs, κq " 0 for i " 0, 1u
with the Euler form χ. We point out that KpA X q top is torsion-free, because KpXq top is. We recall that the Mukai vector of an element κ of KpXq top is given by vpκq " chpκq. a tdpXq and it induces an isomorphism of Q-vector spaces v : KpXq top b Q -H ‚ pX, Qq. We define the weightzero Hodge structure
p,q pA X q on the Mukai lattice given by pulling back via the isomorphism
and the trascendental lattice T pA X q is the orthogonal complement of the Néron-Severi lattice with respect to χ. It is also convenient to consider the Mukai lattice KpA X q top p´1q with weight-two Hodge structure and Euler form with reversed sign. In the following, we will use both conventions according to the situation. We observe that by [20] , Theorem 1.2, there exist GM fourfolds X such that the associated GM category A X is equivalent to the derived category of a K3 surface S. Moreover, any equivalence A X " Ý Ñ D b pSq induces an isometry of Hodge structures KpA X q top p´1q -KpSq top , by the same argument used in [1] , Section 2.3. Since the definition of KpA X q top does not depend on X (actually GM fourfolds are deformation equivalent to each others), we deduce that the Euler form is symmetric on KpA X q top and KpA X q top is isomorphic as a lattice toΛp´1q :" U 4 ' E 2 8 . We denote by xλ 1 , λ 2 y K the orthogonal complement with respect to the Euler pairing of the sublattice of KpA X q top generated by the objects λ 1 , λ 2 determined in (3). In the next result, we explain the relation of this lattice with the vanishing lattice H 4 pX, Zq 00 . Proposition 3.1. Let X be a GM fourfold. Then the Mukai vector v induces an isometry of Hodge structures
Moreover, for every set of n objects ζ 1 , . . . , ζ n in KpA X q top , the Mukai vector induces the isometry
Proof. By definition κ belongs to xλ 1 , λ 2 y K Ă KpA X q top if and only if
The Chern character of κ has the form
Thus, using Riemann-Roch, we can express the conditions (4) as a linear system in the variables
Since the equations are linearly independent, we obtain that the system (4) has a unique solution, i.e.
In particular, chpκq belongs to x1, h, h 2 , γX σ 2 , h 3 , We observe that the lattices xλ 1 , λ 2 y K and H 4 pX, Zq 00 have both rank 22. Notice that xλ 1 , λ 2 y K has signature p20, 2q. Moreover, the discriminant group of xλ 1 , λ 2 y K is isomorphic to pZ{2Zq 2 , because the Mukai lattice is unimodular. On the other hand, by Section 2.2 (see [10] , Proposition 5.1), we deduce that H 4 pX, Zq 00 and xλ 1 , λ 2 y K have the same signature and isomorphic discriminant groups. Since the genus of such a lattice contains only one element by [24] , Theorem 1.14.2, we conclude that v is an isometry which preserves the Hodge structures, as we wanted.
For the second part of the proposition, let vpζ i q " z 0`z2 h`z 4`z6 h 3`z 8 h 4 with z 0 , z 2 , z 6 , z 8 P Q and z 4 P H 4 pX, Qq. Using the previous computation, we have that
for every κ in xλ 1 , λ 2 , ζ 1 , . . . , ζ n y K . Since z 4 is by definition a linear combination of c 2 pζ i q, h 2 and γX σ 2 , using again that k 4 is in H 4 pX, Zq 00 , we deduce that k 4¨z4 " 0 if and only if k 4¨c2 pζ i q " 0. This completes the proof of the statement.
We point out that the lattice xλ 1 , λ 2 y is primitively embedded in KpA X q top by [24] , Corollary 1.12.3. By Proposition 3.1, we have the isomorphism of lattices
On the other hand, the lattice xλ 1 , λ 2 y is isomorphic to I 0,2 p2q. Notice that by [24] , Theorem 1.14.4, there exists a unique (up to isomorphism) primitive embedding
Let us denote by f 1 , f 2 the standard generators of I 0,2 p2q and by u 1 , v 1 (resp. u 2 , v 2 ) the standard basis of the first (resp. the second) hyperbolic plane U . Then, we define i setting
The orthogonal complement of I 0,2 p2q via i is
In particular, we have an isometry φ : KpA X q top -Λp´1q such that
which is equivalent to the data of a marking for X. Hence, we can write ppXq " rφ C pH 2,0 pA X qqs. Now, we prove that the isomorphism of Proposition 3.1 extends to the quotients KpA X q top {xλ 1 , λ 2 y and H 4 pX, Zq{xh 2 , γX σ 2 y. The proof is analogous to that of [1] , Proposition 2.4. 
Proof [20] , Section 5). Since it belongs to KpA X q top , by the same computation done in the end of Section 2.4, we deduce that κ is a linear combination of λ 1 and λ 2 , as we claimed.
Finally, we show thatc 2 is surjective. Let T be a class in H 4 pX, Zq. By [1] , Theorem 2.1, item 3, there exists τ in KpXq top such that vpτ q is the sum of´T with highter degree terms. Then the projection prpτ q of τ in KpA X q top is a linear combination of τ and the classes of the exceptional objects in (2) . Since the Chern classes of the exceptional objects are all multiples of h i and γX σ 1,1 , it follows that c 2 pprpτdiffers form c 2 pτ q by a linear combination of h 2 and γX σ 1,1 . We conclude that c 2 pprpτ" c 2 pτ q " T in H 4 pX, Zq{xh 2 , γX σ 2 y. Remark 3.3. Notice that the image of the algebraic K-theory KpA X q in KpA X q top is contained in N pA X q. However, we do not know if the opposite inclusion holds, because it is not clear if every Hodge class in H 2,2 pX, Zq comes from an algebraic cycle with integral coefficients. In the case of cubic fourfolds the integral Hodge conjecture holds by the work of Voisin (see [31] ); thus, in [1] , Proposition 2.4 they use this fact to prove that the p1, 1q part of the Hodge structure on the Mukai lattice is identified with KpA X q num .
Voisin's argument should work also for GM fourfolds, but it requires to give a description of the intermediate Jacobian of a GM threefold, as done in [22] , Theorem 5.6 and [14] , Theorem 1.4 in the cubic threefolds case. An other approach could be firstly to construct Bridgeland stability conditions for the GM category (e.g. as in [4] for the Kuznetsov component of a cubic fourfold). Then, to deduce the integral Hodge conjecture by an argument on moduli spaces of stable objects with given Mukai vector, along the same lines as in [5] where the authors develop the argument for cubic fourfolds.
Finally, we need the following lemma, which is a consequence of Proposition 3.2; the proof is the same as that of [1] , Proposition 2.5, so we skip it.
Lemma 3.4. Let κ 1 , . . . , κ n be in KpA X q top ; we define the sublattices 
Associated (twisted) K3 surface and Mukai lattice
Firstly, we need the following lemma, which is analogous to [2] , Lemma 9 and that we will use also in Section 4.2.
Lemma 3.6. Let X be a Hodge-special GM fourfold of discriminant d such that d " 2 or 4pmod 8q. Then there exists an elementτ in N pA X q such that xλ 1 , λ 2 ,τ y is a primitive sublattice of discriminant d with Euler pairing given, respectively, bÿ´2
Proof. By Corollary 3.5, there exists an element τ P N pA X q such that xλ 1 , λ 2 , τ y is a primitive sublattice of discriminant d with Euler paring given bÿ´2
Notice that c is even, because N pA X q is an even lattice. Assume that d " 2pmod 8q; then one between a and b is even. Assume that b is even. Substituting τ with τ 1 " τ`b{2λ 2 , we get a new basis with Euler form´2
We can write a " 4d`e with e "´1, 1. Then, the basis λ 1 , λ 2 ,τ " τ 1`2 dλ 1 has Euler pairing´2 0 e 0´2 0 e 0 2k‚
.
If e "´1, we changeτ with´τ and we return to the case e " 1. If a is even, by the same argument we obtain a basis with the second matrix in the statement. This proves the claim in the case d " 2pmod 8q.
The case d " 4pmod 8q works in the same way.
The first result of this section characterizes period points of general Hodge-special GM fourfolds by their Mukai lattice. It is analogous to [1] , Theorem 3.1 for cubic fourfolds and the proof develops in a similar fashion.
Theorem 3.7. Let X be a Hodge-special GM fourfold. If X admits a Hodge-associated K3 surface, then N pA X q contains a copy of the hyperbolic plane. Moreover, the converse holds assuming that X is general (i.e. H 2,2 pX, Zq has rank 3). Instead, if the rank of H 2,2 pX, Zq is greater than 3, then the converse holds assuming that X has a labelling of discriminant " 2 or 4pmod 8q.
Proof. Assume that X has a Hodge-associated K3 surface; as recalled in the introduction and in Section 2.3, there exists a labelling M H whose discriminant d satisfies p˚˚q. Equivalently, by Corollary 3.5, there exists a primitive sublattice M K in N pA X q of rank 3 containing xλ 1 , λ 2 y, with same discriminant d. Thus, there exists a rank one primitive sublattice Z w and a primitive embedding j : Z w ãÑ U 3 ' E 2 8 with w 2 "´d, such that M K K in KpA X q top is isomorphic to Z w K . Adding U to both sides of j, we get the primitive embeddingj of U ' Z w inΛp´1q. Since U ' Z w viaj and M K Ă KpA X q top -Λp´1q have isomorphic orthogonal complements, they have isomorphic discriminant groups by [24] , Corollary 1.6.2. Since one contains U , they are isomorphic by [24] , Corollary 1.13.4. In particular, we conclude that U is contained in M K Ă N pA X q, as we wanted.
Conversely, let X be as in the second part of the statement and let κ 1 , κ 2 be two classes in N pA X q spanning a copy of U . Notice that xλ 1 , λ 2 y is negative definite and U is indefinite; hence, the lattice xλ 1 , λ 2 , κ 1 , κ 2 y has rank three or four. We distinguish these two cases.
Rank 3. Let M K be the saturation of xλ 1 , λ 2 , κ 1 , κ 2 y and we denote by d its discriminant. We have the inclusions U Ă M K Ă KpA X q top -Λp´1q. Since U is unimodular, there exists a rank one sublattice Z w with w 2 "´d such that M K -U ' Z w. On the other hand, the orthogonal to U in KpA X q top is an even unimodular lattice of signature p19, 3q; thus it is isomorphic to U 3 ' E 2 8 . As a consequence, we have that M K K in KpA X q top is isomorphic to Z w K in U 3 ' E 2 8 . As observed before, this is equivalent to the existence of a labelling M H for X of discriminant d satisfying condition p˚˚q. This ends the proof in the rank three. In particular, this proves the statement for X general.
Rank 4.
Consider the rank three lattices of the form xλ 1 , λ 2 , xκ 1`y κ 2 y, where x and y are intergers not both zero. We define the quadratic form Qpx, yq :"
We observe that the second Chern class c 2 pxκ 1`y κ 2 q is in H 2,2 pXq; hence, by the Hodge-Riemann bilinear relations and Lemma 3.4, it follows that Qpx, yq is positive definite unless x " y " 0. Let¨´2 0 k m 0´2 l n k l 0 1 m n 1 0‹ We denote by h the highest common factor of A, B and C; notice that h is even. We set a " A{h, b " B{h, c " C{h and we have that Qpx, yq " hqpx, yq, where
In the next two lemmas we prove that there exist integers x and y such that qpx, yq represents a prime p " 1pmod 4q and h is the product of odd primes " 1ppmod 4qq.
Lemma 3.8. There exist integers x and y such that qpx, yq is a prime p " 1pmod 4q.
Proof. We adapt the proof of [1] , Proposition 3.3 to our case. We set D :" b 2´4 ac and we consider the imaginary quadratic field K " Qp ? Dq. We denote by L the maximal unramified abelian extension of K. Notice that the discriminant d K of K is D (resp. 4D) if b is odd (resp. b is even). In particular, d K ı 12pmod 16q. Thus, the extension K Ă Kp ?´1 q is ramified (see [9] , Exercise 6.8). We deduce that ?´1 R L. We consider L 1 " Lp ?´1 q. Notice that GalpL 1 { Qq -GalpL{ QqˆGalpQp ?´1 q{ Qq -GalpL{ QqẐ {2Z. Moreover, a prime p is congruent to 1 modulo 4 if and only the equation x 2 "´1pmod pq has a solution in Z; this is equivalent to have the Artin symbol´Q p ?´1 { Qq p¯" 1. Let σ 0 be an element in GalpL{Kq corresponding to q via the Artin map and let xσ 0 y be the coniugacy class of its image in GalpL{ Qq. Applying Čebotarev density Theorem, we have that the Dirichlet density of
* is positive. We conclude that q represents infinite primes " 1pmod 4q, as we claimed.
Lemma 3.9. The only odd primes that divides the highest common factor h of the coefficients of Q are " 1pmod 4q.
Proof. Let Zr ?´1 s be the domain of Gaussian integers with the Euclidean norm | |. We set α :" k`l ?´1 and γ :" m`n ?´1 .
We rewrite the coefficients of Q as
Suppose that p is an odd prime which is not congruent to 1 modulo 4, i.e. p " 3pmod 4q. Then p is prime in Zr ?´1 s (see [9] , Proposition 4.18). Thus if p divides A " 2αᾱ, then p divides α. In particular, p divides Repαγq; so p does not divide Repαγq`2. It follows that p does not divide B and we conclude that p ∤ h.
Notice that we cannot exclude in general the possibility that 8 divides h. We treat these cases separately.
Case 8 ∤ h. In this case, h satisfies p˚˚q by Lemma 3.9. Thus, by Lemma 3.8 we conclude that there exist some integers x and y not both zero such that the discriminant of the lattice xλ 1 , λ 2 , xκ 1`y κ 2 y satisfies p˚˚q. This observation implies the proof of the statement. Indeed, if M K is the saturation of this lattice, then its discriminant still satifies condition p˚˚q, because discrpxλ 1 , λ 2 , xκ 1`y κ 2 yq " i 2 discrpM K q, and M K has rank three. By the same argument used at the end of the rank three case, we deduce that X has a Hodge-associated K3 surface.
Case 8 | h. In this case, 4 divides k 2`l2 and m 2`n2 . It follows that k, l, m and n are even. Thus we can write B " 8`16r " 8p1`2rq for r P Z; in particular, we obtain that 2 ∤ ph{8q because 2 ∤ pB{8q. Moreover, M K " xλ 1 , λ 2 , xκ 1`y κ 2 y, because the latter is primitively embedded, and by Lemma 3.8, the discriminant of M K has the form d " 8p r 1 1 . . . p rs s , where p i is an odd prime " 1pmod 4q for every i. We set η :" xκ 1`y κ 2 .
We recall that by hypothesis there exists a rank three sublattice M 1 K of N pA X q containing λ 1 and λ 2 with discriminant d 1 " 2 or 4pmod 8q. Moreover, using Lemma 3.6, we can find a class τ P N pA X q such that λ 1 , λ 2 and τ span the lattice M 1 K and the Euler form on it is determined. We can thus consider the classes of the form c 1 η`c 2 τ , where c 1 and c 2 are integers not both zero. We set a :" χpη, τ q. As before, we define the quadratic form
which is positive, unless c 1 " c 2 " 0. We claim that there are values for c 1 and c 2 such that Qpc 1 , c 2 q satisfies p˚˚q. Clearly, the claim implies the proof of the theorem in the case 8 | h. Consider the case d 1 " 2`8r. Moreover, assume that xλ 1 , λ 2 , τ y has intersection matriẍ´2 0 0 0´2 1 0 1 2r‚
We have that
. Since the only odd primes that divide d are congruent to 1 modulo 4, it follows that the highest common factor h 1 of the coefficients of Qpc 1 , c 2 q satisfies the same condition. Furthermore,
Dividing by h 1 , we obtain the primitive positive form
, recalling that k, m, l, n are even and 4 ∤ d 1 . We claim that qpc 1 , c 2 q represents a prime " 1pmod 4q. Indeed, as in the proof of Lemma 3.8, we consider the imaginary quadratic field K " Qp ? Dq with D " 16b 12´1 6a 1 c 1 , and we denote by L the maximal unramified abelian extension of K. Since the discriminant d k " 4D ı 12pmod 16q, we have that ?´1 R L. The claim follows from Čebotarev density Theorem. Arguing as in the case 8 ∤ h, we deduce the proof of the result under these assumptions.
Notice that the proof works in the same way if χpλ 1 , τ q " 1 and χpλ 2 , τ q " 0. It remains to treat the case d 1 " 4`8r. By Lemma 3.6, the lattice xλ 1 , λ 2 , τ y has intersection matrix¨´2 0 1 0´2 1 1 1 2r‚
Dividing the coefficients by their highest common factors, we get the primitive positive form
Observing that d K " 4D " 4p4b 2´4 acq " 0pmod 16q, by the same motivations of before, we get the desired statement.
In Section 3.3 we give examples of GM fourfolds having a primitively embedded hyperbolic plane in the algebraic part of the Mukai lattice, but without a Hodge-associated K3 surface.
A consequence of Theorem 3.7 is that the condition of having a homological associated K3 surface implies the existence of a Hodge-associated K3 surface for general GM fourfolds. This is analogous to the easy implication of [1] , Theorem 1.1. Theorem 3.10. Let X be a GM fourfold such that A X is equivalent to the derived category of a K3 surface S. If H 2,2 pX, Zq has rank 3, then X has discriminant d with d satisfying p˚˚q. On the other hand, if H 2,2 pX, Zq has rank greater than 3 and X has a labelling with discriminant " 2 or 4pmod 8q, then X has discriminant d with d satisfying p˚˚q.
Proof. We recall that having an equivalence Φ : A X " Ý Ñ D b pSq implies that X is Hodge-special by [20] , Proposition 5.20. We observe that KpSq num contains a copy of the hyperbolic plane spanned by the classes of the structure sheaf of a point and the ideal sheaf of a point. Since Φ induces an isometry of Hodge structures KpA X q top p´1q -KpSq top , it follows that U is contained in N pA X q. Applying Theorem 3.7, we deduce the proof of the result.
In the last part of this section we show that period points of Hodge-special GM fourfolds with an associated twisted K3 surface are organized in a countable union of divisors determined by the value of the discriminant. The argument essentially follows [17] , Section 2. To this end, given a GM fourfold X, we consider the Mukai lattice KpA X q top p´1q with the weight-two Hodge structure and Euler pairing with reversed sign. Accordingly, the local period domain is given by
changing the sign of the definition in (1) and identifying Λ " I 2,0 p2q K . We set Q " tx P PpΛ b Cq : x 2 " 0, px.xq ą 0u and we consider the canonical embedding of Ω in Q.
We recall that a point x of Q is of K3 type (resp. twisted K3 type) if there exists a K3 surface S (resp. a twisted K3 surface pS, αq) such thatΛ with the Hodge structure defined by x is Hodge isometric toHpS, Zq (resp.HpS, α, Zq) (see [17] , Definition 2.5). By [17] , Lemma 2.6, we have that a point x P Q is of K3 type (resp. of twisted K3 type) if and only if there exists a primitive embedding of U (resp. an embedding of U pnq) in the p1, 1q-part of the Hodge structure defined by x onΛ. We denote by D K3 (resp. D K3 1 ) the set of points of Ω of K3 type (resp. of twisted K3 type). Definition 3.11. A GM fourfold X has an associate twisted K3 surface if the period point ppXq comes from a point in D K3
1 .
Remark 3.12. Notice that if X has a Hodge-associated K3 surface, then it corresponds to point x of K3 type. Infact, it follows from the first part of Theorem 3.7 and [17], Lemma 2.6. Moreover, the converse holds for general Hodge-special GM fourfolds and for GM fourfolds with rankpN pA X" 4 and with a labelling of discriminant " 2 or 4 pmod 8q. On the other hand, in Section 3.3 we see that a GM fourfold with period point of K3 type has not necessarily a Hodge-associated K3 surface.
Proof of Theorem 1.1. The proof is analogous to that of [17] , Proposition 2.10. As done in [17] , Proposition 2.8, we have that
Assume that x is a twisted K3 type point. By the previous observation, there exists an isotropic non trivial element ε inΛ. We decompose it as the sum ε " ε 1`ε2 with ε 1 P xλ 1 , λ 2 y -I 2,0 p2q and
We denote by M K the saturation of the lattice I 2,0 p2q ' Z υ inΛ. Let d be the discriminant of M K and let i be the index of I 2,0 p2q ' Z υ in its saturation. Assume that i " 1, i.e. υ is primitively embedded inΛ. It follows that d "´4χpυq and ε belongs to I 2,0 p2q ' Z υ. Then we have that
admits an integral solution x 1 , x 2 , x. This is possible if and only if the odd primes in the prime factorization of´χpυq{2 which are congruent to 3 modulo 4 appears only with even exponent (see [25] , Corollary 5.14). It follows that d{8 and in particular d satisfies condition p˚˚1q.
Assume that i " 2; then d "´χpυq and 2ε P I 2,0 p2q' Z υ. As before, it follows that χpυq{2 "´d{2 verifies condition p˚˚1q, as we wanted.
The other implication of the statement is proved following the same argument in the opposite direction.
Extending Theorem 3.7: a counterexample
In this section we show that there are examples of GM fourfolds having a primitively embedded hyperbolic plane in the Néron-Severi lattice, but which cannot have a Hodge-associated K3 surface. Consistently with Theorem 3.7, our examples have rankpN pA X" 4 and their period points belong only to divisors corresponding to discriminants " 0pmod 8q.
Assume that X is a GM fourfold such that N pA X q " xλ 1 , λ 2 , τ 1 , τ 2 y with Euler form given bÿ 2 0 0 0 0 2 0 0 0 0´2r e 0 0 e´2r‹
where e " 2r´1 (here we consider the Mukai lattice KpA X q top p´1q with weight-two Hodge structure and quadratic form with reversed sign). Since pe, 2rq " 1, we have that the discriminant group of xτ 1 , τ 2 y is cyclic of order c :" 4r 2´e2 " 4r´1 and its generator is g :" eτ 1`2 rτ 2 c .
It follows that λ 1 2 and g 1 :" λ 2 2`g are generators of dpN pA X-Z {2 ZˆZ {2c Z. We denote by q the discriminant quadratic form on dpN pA X qq. An easy computation gives that qpgq "´2r{c mod Z; hence, we have
On the other hand, let L be the rank two sublattice of U 3 generated by
where u i , v i are the standard generators of the first and the second hyperbolic plane. Notice that there exists a K3 surface S such that NSpSq -L (see [23] , Corollary 19) and, by definition, the intersection form on L is given by the matrixˆ2 0 0´2c˙.
By [24] , Theorem 1.14.2, we have that T pA X q is isometric to T S if and only if they have isometric discriminant groups. Since 4r´c " 1 is a square modulo 2c, we conclude that T pA X q is Hodge isometric to T S .
However, it is easy to see that every labelling of X will have discriminant congruent to 0 modulo 8; hence, we cannot find a labelling with discriminant satisfying p˚˚q. It follows that X cannot have a Hodge-associated K3 surface.
We observe that for r ą 1, a period point of this form lies in the complement of the divisors D 2 ,D 4 and D 8 . The image of the period map is contained in this complement and it is expected that they coincide.
It remains to prove that such a GM fourfold exists. The argument we use is inspired by [13] , from which we take the notations. Let us consider a period point x in D 8r with r ą 1 and such that the algebraic part of the corresponding Hodge structure is given by (6) . By the surjectivity of the period map of hyperkähler varieties and the projectivity criterion (see [15] , Proposition 25.12 and Proposition 26.13) there exists a projective hyperkähler fourfold Y corresponding to x with a class h of square 2 contained in the closure of the movable cone of Y . By [21] , Section 6.5 and [16] , since the chambers of the movable cone are translated via birational automorphisms of Y of the nef cone, there is a projective hyperkähler fourfold Y 1 such that h P NefpY 1 q. We verify that under our hypotheses h is ample. Indeed, the only possibilities in order to have h in the boundary of the ample cone are that either it comes from a divisorial contraction or from a flop. In the first case, we would have a point in D 2 , while in the second case the point would be in D 2 10 . Since x is not in these divisors, we deduce that h is ample. It follows that the period point x comes from a degree-two polarized hyperkähler fourfold Y 1 in the divisor C p1q 2,8r of the moduli space M p1q 2 of (smooth) hyperkähler fourfolds deformation equivalent to the Hilbert square of a K3 surface, with polarization of degree 2 and divisibility 1. We denote by U 2,8r , it has to intersect the preimage of the set of period points we considered. We deduce that there is a period point in the set we considered coming from a smooth double EPW sexticỸ A . Finally, we observe that there exists a GM fourfold X such that its associated double EPW sextic is preciselyỸ A . Indeed, Y A determines a six dimensional C-vector space V 6 and a Lagrangian subspace A Ă Ź 3 V 6 without decomposable vectors. The choice of a five dimensional subspace V 5 Ă V 6 with A X Ź 3 V 5 of the right dimension defines a Lagrangian data, which by [11] , Theorem 3.10 and Proposition 3.13 determines a GM fourfold X, as we wanted.
We point out that we can choose r equal to the product of odd primes " 1pmod 4q. This prevent us to prove that the existence of a labelling with discriminant of this form implies U Ă N pA X q. Moreover, every divisor D 8r for r ą 1 contains such a period point. It follows that the condition of having an embedded U in N pA X q is not divisorial, in contrast to what happens for cubic fourfolds.
We can thus define an isometry g : xλ 1 , λ 2 y K ' xλ 2 y -H 2 pỸ A , Zq 0 p1q ' xh A y such that
Notice that g preserves the Hodge structures, because f does and g sends the p0, 0q class λ 2 to the p0, 0q class h A . In particular, g defines an isomorphism of Hodge structures xλ 1 y K -H 2 pỸ A , Qq 0 over Q; since the lattices have the same discriminant group, we conclude that g is defined over Z. 18 (actually the result also holds for this divisor by [13] , Section 2.2, footnote 4). More precisely, for every d as before, they construct a GM fourfold X 0 whose period point ppX 0 q belongs to the intersection of Remark 4.5. Assume that X is a Hodge-special GM fourfold such thatỸ A is smooth. Notice that the period point defined by the Hodge structure on KpA X q top p´1q is of K3 type if and only ifỸ A is birational to a moduli space of stable sheaves on a K3 surface.
As in [17] , Proposition 4.1 in the case of cubic fourfolds, we can prove the twisted version of Theorem 1.2.
Proof of Theorem 1.3. Assume thatỸ A is birational to a moduli space M pvq of α-twisted stable sheaves on a K3 surface S, where v is primitive inH 1,1 pS, α, Zq and pv, vq " 2. Using the embedding H 2 pỸ A , Zq ãÑ KpA X q top p´1q and Torelli Theorem for hyperkähler manifolds, this is equivalent to have an isometry of Hodge structures KpA X q top p´1q -HpS, α, Zq, which restricts to
Equivalently, by Theorem 1.1, we have that X is Hodge-special with a labelling of discriminant d satisfying condition p˚˚1q. This proves one direction. On the other hand, assume that ppXq belongs to a divisor with d satisfying p˚˚1q. Then the image v of λ 1 through H 2 pỸ A , Zq ãÑ KpA X q top p´1q -HpS, α, Zq is primitive. Since the induced moduli space M pvq is non-empty and the Hodge isometry H 2 pỸ A , Zq -v K -H 2 pM pvq, Zq extends toΛ, we conclude the desired statement.
Proof of Theorem 1.4
Proof of Theorem 1.4. Assume that there exist a K3 surface S and a birational equivalenceỸ A S r2s . By Lemma 4.1 and [2], Proposition 5, this is equivalent to the existence of an element w in N pA X q such that the Euler paring of K :" xλ 1 , λ 2 , wy has the form´2 0 1 0´2 n 1 n 0‚ for some n P Z .
In particular, the discriminant of K is 2n 2`2 . Let M K be the saturation of K; if a is the index of K in M K and d is the discriminant of M K , we have that discrpKq " a 2 d, as we wanted. Viceversa, assume that d satisfies condition (˚˚˚). Then there exist integers n and a such that a 2 d " 2n 2`2 . Let p be an odd prime such that p divides 2n 2`2 ; then n 2`1 " 0pmod pq. We recall that n 2 "´1pmod pq has an integral solution if and only if p " 1pmod 4q. Moreover, we observe that 8 does not divide 2n 2`2 , thus 2n 2`2 satisfies condition p˚˚q. It follows that a is odd. Indeed, if 2 | a, then 4 | a 2 . Since d is even, it follows that 8 | a 2 d " 2n 2`2 , in contradiction with the previous observation. Then a has to be the product of odd primes " 1pmod 4q; hence a " 1pmod 4q. In particular, there is an integer r such that a " 1`4r.
Suppose firstly that d " 2pmod 8q; then n is even. Indeed, assume that n " 1pmod 4q (resp. n " 3pmod 4q). It follows that n 2`1 " 2pmod 4q; then d " 4pmod 8q, which is impossible. Furthermore, by Lemma 3.6, there is an element τ P N pA X q such that the sublattice xλ 1 , λ 2 , τ y has Euler pairing of the form¨´2 .
Assume that we are in the first case. We set w :" m 1 λ 1`m2 λ 2`p 2m 1`1 qτ P N pA X q with m 1 " 2r and m 2 " n{2, which is an integer because n is even. An easy computation shows that χpλ 1 , wq " 1 and χpwq " 0.
By [2] , Proposition 5, it follows thatỸ A is birational to S r2s for a K3 surface S. If we are in the second case, we consider the Markman embedding H 2 pỸ A , Zq Ă KpA X q top p´1q defined by the Hodge isometry xλ 2 y K -H 2 pỸ A , Zqp1q (see Remark 4.2). Setting w :" m 1 λ 1`m2 λ 2`p 2m 2`1 qτ P N pA X q with m 1 " n{2 and m 2 " 2r, the proof follows from [2] , Proposition 5. Now assume that d " 4pmod 8q; then n is odd. Indeed, if n " 0pmod 4q (resp. n " 2pmod 4q), then n 2`1 " 1pmod 4q. Since a 2 d{2 " n 2`1 and a " 1pmod 4q, we conclude that d{2 " 1pmod 4q, which is impossible. By Lemma 3.6, there is an element τ P N pA X q such that the sublattice xλ 1 , λ 2 , τ y has Euler pairing of the form¨´2 0 1 0´2 1 1 1 2k‚ with d " 4`8k.
We set w :" m 1 λ 1`m2 λ 2`p 2m 1`1 qτ P N pA X q with m 1 " 2r and m 2 "
4r`1´n 2
. Notice that m 2 is integral, because n is odd. Arguing as before, we conclude the proof of the result. Remark 4.6. As seen in the proof of Theorem 1.4, condition (˚˚˚) implies condition p˚˚q. On the other hand, condition (˚˚˚) is stricter than condition p˚˚q. As an example, we have that d " 50 verifies p˚˚q, but (˚˚˚) does not hold.
Remark 4.7. In [18] , Proposition 2.1 they proved that if a smooth double EPW sextic is birational to the Hilbert scheme S r2s on a K3 surface S with polarization of the degree d, then the negative Pell equation
is solvable in Z. This condition is actually condition (˚˚˚) in the case of the double EPW associated to a GM fourfold. However, a priori from Theorem 1.4 we do not know if the K3 surface is polarized and, even if it is, we have no informations on the degree of S, which could possibly differ from d. Nonetheless, we claim that if X is a general GM fourfold with discriminant d satisfying (˚˚˚), then the K3 surface S, realizing the birational equivalence betweenỸ A and S r2s , has a polarization of degree d. Indeed, the hypothesis implies that H 2 pỸ A , Zq is Hodge isometric to H 2 pS, Zq ' Z δ. By Theorem 2.2, it follows that H 2 pS, Zq 0 embeds in H 4 pX, Zq as a primitive sublattice of corank 3. Then, its orthogonal complement M H in H 4 pX, Zq defines a labelling for X. Since X is general, the discriminant of M H must be d. Moreover, since ppXq R D 8 , there are not classes of square 2 in H 2,2 pX, Zq; we conclude that the class spanning NSpSq is a polarization of degree d.
In any case, if ppXq R D 8 , the K3 surface S is polarized and Hodge-associated to X.
